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The 2-Characters of a Group and the Group Determinant 
KENNETH W. JOHNSON AND SURINDER K. SEHGAL 
A new look at Frobenius' original papers on daaracter theory has produced the following: 
(a) the group determinant determines the group (Formanek-Sibley); (b) the group .is 
determined by the I-, 2- and 3.characters of the irreduc/~ie r presentations (Hoehnke:- 
Johnson); and (c) pairs of non-isomorphic: groups exist, ~with the s~im~ irreducible I-: and : 
2-characters (Johnson-Sehgal). The examples produced in ,Johnson and Sehgal ha~e large 
orders but, recently, McKay and Sibley have proved that the ten Brauer pairs of order 256 have 
the same irreducible 2-characters. It is shown here that the pairs of non-isomorphic groups of 
order p3, p and odd prime, have the same irreducible 2-characters. Further esults are given 
on the k-characters Ofthe regular epresentation a d a shorter proof o'f the result mentioned in
(c) is indicated. A criterion is given which is sufficient for the 3-character of an arbitrary 
representation to determine the group, 
I. INTRODUCTION 
Character theory for non-abelian groups first appeared in Frobenius' work on the 
factorization of the group determinant (see [13]). In fact, the original definition of a 
character did not involve matrix representations, but proceeded from the association 
scheme arising from the conjugacy classes of a group. Each irreducible factor of  the 
group determinant corresponds to an irreducible character, and in giving an algorithm 
to construct the factor corresponding to a character Z Frobenius introduced functions 
Z(k~: G(k~---> C, the k-characters. 
zc '~(g l ,  g2 ,  g3  . . . .  , g r )  = Z(g l ) zC ' - '~(g2 ,  g3,  • • • ,  g r )  
-Xt'-l)(g,g2, g3 . . . . .  g,) - Z('- ' )(g2, glga . . . . .  g~) . . . . .  zt'-')(g2, g3 . . . . .  g,g,). 
(1.1) 
In particular, 
Z(2)(g, h) = z(g)z(h) - Z(gh), (1.2) 
zt3)(g, h, k) : z (g)z (h  )x (k  ) - x (g )x (hk  ) - z (h  ) z (gk  ) - zCk )zCgh ) 
+ z (ghk)  + x (gkh)  (1.3) 
Note that if we insert e for g, in (1.1) we obtain 
Zc~)(e, g2, g3 . . . .  , g,) = (X(e) - k + I)z(k-')(g2, g3,.. •, gk), 
which shows that in characteristic zero Z (k) determines X (t) for l < k. A new look at this 
work has revealed that the group determinant determines its group (Formanek and 
Sibley [5]). This result is equivalent o the statement that the k-characters of the 
irreducible representations determine a group. Hoehnke and Johnson then proved th~at 
the group can be determined by the 1-, 2- and 3.characters of the irreducible 
representations, and in [15]: Johnson and Sehgal showed that pairs of groups exist with 
the same 1- and 2-characters, and smallest example appearing being of order 390 000. 
To place these results in a slightly different context, we introduce for a finite group G 
of order n the group matrix Xc  = {Xsh-,}. Thus XG is an n x n matrix with rows and 
columns indexed by the elements of G and the (g, h)th entry of which is xgn-,, where 
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x,, xg 2, . . . ,  xs, are variables indexed by the elements of G. The group determinant OG 
is det(XG). Now let 
det(AI - XG) = A" - A"-]sl + hn-2$  2 - An-3s3 + ' "  • "Jr (--1)"S. 
be the characteristic equation of XG. Note that the s; are homogeneous polynomials of 
degree i in the xg and that they can be determined from ~gG: 
{~G(Xe --  }~, Xg 2 . . . . .  Xg,,) = "b( ~ n - -  ,~n- l$1  "4" ,~n-252 - -  ~n-383 " t - ' ' "  + ( - -1 )nSn) .  
Moreover, for any representation p of G, let X o = Zp(g)xg be the associated group 
matrix. Then q~o = det(Xp) is the factor of the group determinant which corresponds to 
p (and is irreducible iff p is). Similarly to the above, 
~O0(X e --  a ,  Xg, . . . .  , Xg.)  = "4-(X n - -  ~n- l sp l  q-"  " " "t- (--1)nSpr), 
where r is the degree of P and so; is again a homogeneous polynomial of degree i. 
Frobenius' results can be used to show that if Z is the character corresponding to p 
then, for a given k, Z (k) determines sok and vice versa. The Hoehnke and Johnson 
result has the consequence that s3 determines XG. This appears to be "an unexpected 
result in the theory of matrices with variable entries. We are led to questions on the 
significance of the sok for an arbitrary group. Note that the theory of duality starts from 
the knowledge of the matrix coefficient functions from G to C. Since the sot are 
independent of any choice of a set of representing matrices for p, they seem to be a 
much more intrinsic set of invariants. In [14] it is conjectured that the so,- are related to 
the Chern classes in H*(G, 7/) which correspond to P. 
Modern work has revealed much common structure between Frobenius' original 
treatment of group characters, the Hecke algebras of number theory and the 
association schemes which arose in design theory and coding theory (see [1], [4] and 
[8]). From the above point of view, this commonality has been obtained by ignoring the 
sot for i > 1. It seems an intriguing possibility that the extra structure in the sot may be 
present in some of these other contexts. 
In the case of the regular character 7r (i.e. where ~0,~ =6)G), the Sl and s2 contain a 
limited amount of information. However, just as the ordinary character theory contains 
much information about the group, the soz as p varies over the irreducible representa- 
tions should be richer in information about the group structure. Recently, McKay and 
Sibley ([17]) have proved that the ten pairs of groups of order 256 numbered as 
(1734,1735), (1736,1737), (1739,1740), (1741,1742), (3378,3380), (3379,3381), 
(3678, 3679), (4154, 4157), (4155, 4158) and (4156, 4159) in the O'Brien data base of 
2-groups to be found in MAGMA have the same irreducible 2-characters (and give the 
first proof independent of computers that these are Brauer pairs). This opens the 
question of whether pairs of smaller order with the same 2-characters exist. Directly 
from consideration of zr (2) the following necessary condition emerges (Proposition 3.1): 
if two groups have the same irreducible 2-characters they must have the same number 
of elements of order 2. This very crude criterion already shows that Ds and Qs (the 
dihedral and quaternion groups of order 8) cannot have the same 2-characters, a result 
which was deduced much more laboriously in [13], and it opens up the possibility that 
for p odd the non-abelian groups of order p3 could have the same 2-characters. It is 
shown in Theorem 2.1 below that this is in fact the case. It follows that the non-abelian 
groups of order 27 form the smallest pair with the same 2-characters, ince by 
inspection all pairs of groups of lesser order with the sfime character tables violate the 
above criterion. A shorter proof of the result in [15] using ideas given here is indicated. 
Whereas, as was mentioned above, the 1- and 2-characters of 7r contain little 
information, the result that zr (3) determines the group opens the possibility that the 
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higher characters of ~r have useful properties. In Proposition 3.2 it is shown that 
zcCk)(gl,. • •, gk) = 0 unless some product of the form g~,o)g~,2" " "g~,(k) is e, where/.~ is a 
permutation of {1, . . . ,  k}, and it is conjectured that the converse holds. 
The group determinant is an example of a norm-type form (see [9]) and in fact if p is 
any representation f a group G there corresponds a multivariate polynomial ¢ which 
is a norm-type form. Specifically, if p = ~3 nip,  [.)i irreducible, then from Frobenius' 
work p~ corresponds to an irreducible factor tp~ of 06, the group determinant, and the 
polynomial ~0 corresponding to p is II¢~". It follows from the work of Hoehnke and 
Johnson ([12, Section 1]) that the 3-character corresponding to p determines the group 
provided that the discriminant of ~0 is non-zero. In particular, standard results imply 
that ~ has non-zero discriminant in the case in which p is the regular representation, 
p = ~,.=~f~pi, where {p~,. . . ,  pr} is the set of irreducible representations of G and 
deg(p;) =f ,  and also where p = ~3~=1 pi. In Section 4 it is shown that the discriminant 
of ~0 is non-zero for a representation p iff (p, p~) ~ 0 for each pi. It thus follows that a 
group is determined by the 3-character of any such representation. There remains 
unanswered the question mentioned in [15] of whether the determinant of any faithful 
representation determines a group. In Section 5 there are comments and a discussion 
of open questions. 
In the following, G and H are said to have the same (irreducible) 2-characters if
there is a bijection tr from G to H which induces a 1:1 map between the'ordinary 
irreducible characters {X1, • • •, Zr} of G and {¢~, . . . ,  Cr} of H, 
z;(g) = ~b, Ctr(g)), (1.4) 
and such that 
Z~2)(g~, g2) = ¢~2)(tr(gl), tr(g2)) for all i. (1.5) 
It is easy to see that if the field over which representations are taken is C (1.5) 
implies (1.4), and also that in the case in which (1.4) holds (1.5) is equivalent o 
z~(glg2) = ¢~(o'(g~)er(g2)). In this paper we restrict o the case in which the field is C. 
2. THE 2-CHARACTERS OF THE NON-ABELIAN GROUPS OF ORDER p3 
Let p be an odd prime. As is well known, there are two non-isomorphic non-abelian 
groups of order pS. Denote these by P=(x ,y :xP=yP=[x ,y ]P=e)  and Q= 
(a, b: a p2 = b p = [a, b] p = e). 
THEOREM 2.1. The groups P and Q have the same 2-characters. 
PROOF. Using the notation above, let z = Ix, y] and c = [a, b]. Define the map 
o-: P ~ Q by 
tr(xiyJz k) = aibYc k for all i ~< (p - 1)/2 and all j, k, 
(2.1) 
o-[(xiyJzk) -I] = (aibJck) - I  for all i ~< (p - I)/2 and all L k. 
It follows directly that o- is well-defined and induces an identification of the ordinary 
character tables of P and Q. The character table of P (and Q) consists of characters qsi, 
i = 1 , . . . ,  p2, of degree 1 which arise as compositions 
P , P /Z(P )  
"...1 
C 
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of the p2 homomorphisms from P/Z(P)~ C with the natural map from P to P/Z(P) ,  
the remaining part of the table being made up of characters Zj, J = 1 . . . .  , p - 1, with 
Xj(x~ytzk) = o if xiyt # e, Zj(zk) = p(  k, 
where ~: is a primitive pth root of 1. 
Since P/Z(P)  = Q/Z(Q) ,  one checks directly that ~r induces an identification of the 
2-characters corresponding to the $~. Now suppose that X is one of the characters Zm, 
so that 
Xp(xtyJz k) = 0 if xiy j # e, 
Zp(z k) = p~mk, 
xQ(a'bJc k) = 0 
ZQ(C k) = p~,,k. 
The theorem will be proved by showing that 
if aJb j # e, 
for all g, 
characters of P and Q, it is sufficient o show that 
h) = =(h)) 
h in P and, using the fact that or induces an identification of the ordinary 
zp(gh) = ZQ(cr(g)cr(h)) 
for all g, h in P. 
Suppose that g = xiyJz k and h = x"y"z w. 
(a) Both sides of (2.2) are zero unless u = - i  and v -- - j .  
(b) Suppose that i ~< (p - 1)/2 and u = - i ,  v = - j .  Then 
xp[(x'yJzk)(x-'y-Jz')] = zp(z , J+k÷-) .  
Noting that 
tr(x-iy-jz,,) = tr[(yJxiz-W)-l] = (biaic-W)-a, 
which follows from (2.1), we have 
ZQ[cr(xiyjzk)o.(x-iy-jz,,)] = ZQ(aibJcko.[yJx,z-W)-l] 
= XQ(aibJck(aibic-qc-W) -1) 
= Xo (c 'j+k +w), 
which shows that (2.2) holds. I f  i > (p - 1)/2, the calculation is similar. 
3. THE REGULAR k-CHARACTERS 
Let 7r be the regular character of the group G, with IG[ = n, i.e. 
7r(e) = n, I t (g)  = 0 i f  g # e. 
(2.2) 
[] 
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Then, for g, h, m in G, 
and 
h)  =  (g)x(h ) - x(gh ) 
= 0 unless gh = e, 
/~(2)(e, e) = n 2 - n, 
tr(2)(g, g- l )  = -n  if g # e 
~(3)(g, h, m) = 
/rCa)(g, h, (gh ) -1) = 
/ r (3 ) (e ,  g, g- l )  = 
x<3)(e, e, e) = 
lr(g)rcCh )~r(m) - ~rCg)~r(hm) - ~r(h )x(gm) 
- lr(m)lr(gh) + ~r(ghm) + lr(ghm) 
0 unless ghm --- e or gmh = e, 
n i fgh #hg,  
2n if gh = hg and g, h ~ e, 
-n  z + 2n, 
n 3 - -  3n z + 2n. 
Thus all groups of the same order have the same regular 1-character and all groups 
with the same order and with the same number of elements of order 2 have the same 
regular 2-character (via any map tr such that t r (e)=e and or(g-l) = tr(g)-l). By 
contrast, the regular 3-character specifies the group. It can be seen that if n ~ 3 the 
values of 7r C3) determine all triples {g, h, m} such that either ghm = e or gmh = e. This 
leads to a proof that the regular 3-character determines a group (see [16], although the 
result is not presented in this form). 
PRoPosmor~ 3.1. A necessary condition that groups G and H have the same 
2-characters is that G and H have the same number of  elements of  order 2. 
PROOF. Let or: G---* H induce an identification of the irreducible 1- and 2-characters. 
Then we have (see [13, p. 301, (2), (4)]) 
i=1 i=1 
where f~ = deg(q~t), and where q~ and q~" are the irreducible factors of the respective 
determinants corresponding to the characters Z~ and q'i. Using Frobenius' expression 
(see [13, (2.2)]), 
tp i = (l/f/!) ~ xi(g~,, . . . ,  gq)xs.'" "xg,i, 
tpr = (l/f~!) ~ [[¢i( or(gri) . . . . .  cr(gr~) Xcr(g,,)" " "Xcr(g,~), 
it follows from zi(g) = ~i(o(g)) and zi(gl, g2) = qsi(o'(gl), o'(g2)) that the coefficients of 
x~-l)x,  and x~I'-2)xg,xg, in ~0~ are, respectively, equal to the coefficients of x~I'-~)x,.~) 
and x~]'-2)x~,, at,,,_, in ~p[ 
Since the procedure of collecting terms for the coefficient of x~"-Z)xg,xg, in O~ 
involves only the coefficients of x~, x~-lxg and x~-2xs,xg, in ~0i and correspondingly for 
On, it follows that this coefficient is the same as that of x~"-2)xotg,)x,.tg.) in On, and 
hence that tr induces an identification of the regular 2-characters of G with that of H. 
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This means that the following chain of equivalences holds: 
g~ --- e in G --- n~)(g, g) = -n  - ~r~)(tr(g), tr(g)) = -n  -= tr(g) 2 = e in n 
and the result follows. [] 
PRoPosmon 3.2• Let ~r be the regular character of the group G. Suppose that for 
g~ . . . . .  gk in G, no product of the form g~,(1)" " "g~(k) is e for any permutation Ix of  
{1, . . . ,  k}. Then ~rtk)(g~, . . . , gk) = O. 
PROOF. Suppose that the result is true for k < r. Let {g~,...,  g~} be such that no 
product of the form g~,o)" " "g~(~) is e for any/z.  Now (see (1.1)) 
n(~)(gl, g2, • • • , gr) = n(gl)/r(r-l)(g2, g3,. . . ,  gr) 
-- ~r(~-~)(gag2, g3, • • •, &) . . . . .  nt'-~)(g2, g3, . . . ,  g~gr). (3.1) 
Under  the inductive assumption, a term on the right-hand side of (3.1) is 0 unless either 
g~ = e and g,(2)" " "g~(,) = e for some permutation r (in the case of the first term) or a 
product of g2, g3 . . . .  ,g~&,. . . ,  gr (in some order) is e. In any case if no product  
g~,o)" " "g~,(o is e all terms on the right-hand side of (3.1) are zero. [] 
In [15] it is shown that a family of pairs (G, H) of doubly transitive solvable 
Frobenius groups have the same 2-characters. There, a map d/: G---> H is constructed 
and it is shown that it induces an identification of 2-characters. A more direct way to 
obtain this result follows. 
TrtEOREM 3.3. Let G and H be groups of order n with homomorphisms vo: G--~ Go 
and vn: H--~ Ho such that Go = Ho. Suppose that G and H have irreducible characters 
{d/lo . . . . .  d/~c,X.c} and {d/in,. . . ,  d/~H, XH} respectively. Suppose that there exists 
tr: G--* H such that or: Go--* Ho is an isomorphism, d/~c(g) = d/iH(tr(g)), 1 ~ i <~ r and 
xo(g)  =ZH(~r(g)) for all g in G, and that the d/io (resp. d/in) are obtained from 
irreducible characters of Go by composition with vo (resp. VH). Then if ~r(g -1) = tr(g) -1 
for all g in G, X~)(gl, g2) = X~)(tr(gl), tr(g2)) for all gl, g2 in G, and G and H have the 
same 2-characters. 
PROOF. Let G, H and tr be as in the statement of the theorem. Let q~i (resp. q~') be 
the factor of Oo (resp. On) which corresponds to d/ic (resp. d/in) and let ~o and ~' be 
the respective factors of Oc and OH corresponding to Xc and Zn. Since o'(g -~) = 
tr(g) -~ for all g in G, it follows that if 7r denotes the regular character then 
7r(2)(gl, g2) = x(2)(o'(gl), tr(g2)). This means that in the expansions 
(see above) the coefficients of x~-Exs,x82 and n-2 xe x,,tg,)x,,~2) are identical. Since 
for all i in the coefficients in ~oi of x~, x~-lxg and x~-2x~x~, are identical to the 
respective coefficients in tp" of x~, x~-lx~,tg) and x~-2x~,~,)x,,~2), this constrains the 
coefficient of x/,'-2Xo.X,, in tp to be the same as that of x~-2x_,_ oc . . . .  in ,,,' which 
Implies that X~(gl, g2)=X~(tr(gl),tr(g2)) It is immediate that, for all i, 
d/~(gl,  g2) = d/~/~(tr(gl), o'(g2)) and the theorem follows. [] 
COROLLARY 3.4. Let G, H be a pair of solvable doubly transitive Frobenius groups 
which form a Brauer pair. Then G and H have the same 2-characters. 
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PROOF. In [15] a map qJ: G-- .H is defined with ~b: Go--*Ho an isomo.rphism, and it 
is shown there that g,(g-1) = #(g)-~. Since in [2] it is shown that G, H and qJ satisfy .all 
other conditions of Theorem 3.3, the corollary follows. [] 
4. Tl-m DISCRIMINANT OF TIIE FORM CORRESPONDING TO AN ARBITRARY 
REPRESENTATION 
If ~ is a norm-type form on an algebra A with basis {to~,..., to~}, the discriminant 
D~ is defined as follows. Let x = ~ x#o~ and y = ~ yjaJj be elements of A. If " 
~(X - -  X )  = t~ m - -  x (m-1)a(x )  "~- " " " "l- ( - -1 )mSm( I )  
then let d 0 be defined by 
S(xy) = E dox, yj. 
If toimj = ?E ak~o,, then 
xy = E = E x,y af,,o  
and S(xy) ~, Cka k, where S(x) ~, cixi, and thus d 0 = k = = ~k ai'lCk. Then D~ is defined to 
be det(d0). 
In the case in which A is the group algebra of the group G and ~p is a product of 
factors of Oc, the ¢o~ may be taken as the elements of G and then a~ = 1 if g~gj = gk, 
and 0 otherwise. In this case S(x) = ~ z(gi)x~ and thus d 0 = x,(g~gj). 
THEOREM 3.1. Let tp be the norm-type form on the group algebra CG which 
corresponds to the character Z of G. Then D, is non-zero iff (Zi, Z) ~ 0 for all irreducible 
characters Zi of G. 
PROOF. From the above discussion, D,  = det(dij)= det(z(gigj)). Up to sign, D~ = 
det(z(gig71)). Now (z(gigil)) is the matrix obtained from the group matrix X6 = 
(xg,7,) by replacing x s everywhere by X(g). This may be done in two steps by first 
replacing x~ by Xc for all g in each conjugacy class C of G. This step produces the 
reduced group matrix the determinant of which is the reduced determinant OR of G. 
By a result of Frobenius [6, 7], 
\fl 
where A(c) = (ICl/f3z,(g) for g E C, Zx . . . .  , Zr are the irreducible characters of G and 
is the degree of X,. The next step replaces Xc by z(g) for g ~ C. It follows that this 
replaces X Aixc by (1/fi)Es~czi(g)z(g), which is zero only if ~ ,  X)# 0. The theorem 
follows. [] 
COROLLARY 4.2. / f  X /S any character of a group such that (Zi, Z )~ 0 for all 
irredffcible characters Xi, then the 3-character of x determines G. 
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PROOF. The corollary follows from the work in [12, Section 1], since the argument 
there depends only on the non-vanishing of the discriminant of the corresponding form. 
[] 
5. COMMENTS AND OPEN QUESTIONS 
Problem 2 in [15] has now been solved, since it is well known that the pair of 
non-abelian groups of order p3 is not a Brauer pair. Problems 1 and 3 remain open. 
The work in Section 3 raises the following questions. 
Question 1. Do pairs of groups exist with the same character tables and the same 
regular 2-characters which do not have the same irreducible 2-characters? 
Note that, as mentioned in the discussion prior to Proposition 3.1, groups of the 
same order have the same regular 2-characters iff they have the same number of 
involutions. 
Question 2. Is there a Brauer pair of groups which do not have the same irreducible 
2-characters? 
The pair of groups of order p7 in [3] may provide an answer to both questions. In 
view of Proposition 3.2 and calculations for small k it appears reasonable to make the 
following conjecture. 
CONJECTURE. If 7r is the regular character of G, then n'k(gl, . . . ,  gk)=0 iff no 
product g~o)g,(2)" " "g,(k) = e, /u, an arbitrary permutation of {1, . . . ,  k}. 
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